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Abstract 
Erd6s. P. and C.C. Rousseau, The size Ramsey number of a complete bipartite graph, 
Discrete Mathematics 113 (1993) 259-262. 
In this note we prove that the (diagonal) size Ramsey number of K,,.,, is bounded below by 
$2’2”. 
The notation G--, H signifies that in every red-blue coloring of the edges of G 
there is a monochromatic copy of H. The size Ramsey number i(H) is the 
smallest integer q for which some graph G with q edges satisfies G + H. In [l] it 
was noted that 
?( K,,,,,) < $n’T’. (1) 
This follows easily from a simple pigeonhole principle argument which shows that 
if a and b satisfy 
(2) 
then Kt,,h -+ Kn,,,. In particular, if we set a = !ir1’/2] and b = 3112”, then (2) holds 
for all n ~6 and we have (1). 
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In this note, we use the probabilistic method to prove 
3(K,,,) > &n22”. 
The key to this proof is the following counting result which is possibily of 
independent interest. 
Lemma 1. A graph with q edges contains at most (2eq/n)(2e2q/n2)” copies of 
K n,n* 
Proof. Let G be a graph with q edges. Set 
m = [flog($)] 
and 
dk = n exp(kln) (k=O, I,. . . ,m). 
Form the partition V(G) = {X,,, X1, . . . , X,,,}, where 
Xk = {x 1 dA-ddeg(x)<dk+,} (k=O, 1,. . . ,m-1), 
X,, = 1~ 1 de&) 2 6 1, 
and set 
(3) 
w, = rJ xi (k=O, 1,. . . ,m). 
j=k 
Since each vertex in iv, has degree at Ieast dk, it follows that 
lwkl d 2q/d,. (4) 
Say that a subgraph of G with vertex set &, c_ V(G) is of type k if j = k is the 
smallest index for which Xj n V;, f 0. In what follows, we make repeated use of 
the elementary inequality 
Let i& denote the number of type k copies of K,,,l in G and let M = ck Nk 
denote the total number of copies of K,,.,. In a type k copy of K_, at least one 
vertex belongs to Xk and every vertex belongs to wk. Thus one side of the K,,,, is 
an n-element subset of the neighborhood of a vertex in Xk and the other side is 
an n-element subset of wk. It follows that 
Making use of (3), (4) and (5), we find 
(k=O,l,..., m-l). (6) 
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Observe that d,,, a fi and th_*_ .f ere ore !X,_] c a. Since every vertex of a type m 
subgraph must belong to X,,I, it follows that 
Since M,,, = 0 if ]X,rr] = 0, we can surely write 
2e’q 2 
M,, se ILI - ( > n2 ’ (7) 
Finally, in view of (4), (6) and (7) we find for the total number of copies of K_ 
in G, 
Theorem 1. For all n 2 1, 
?(K,,_,,) > &,n22”. 
Proof. Let G be an arbitrary graph with q edges, where 
q d &122”. 
Consider a random red-blue coloring of the edges of G in which each edge is red 
with probability l/2 and colorings of distinct edges are independent. In view of 
the lemma, we find for the probability P that such a random coloring yields a 
monochromatic opy of K,*,,, , 
Thus each graph G with at most &z22” edges can be colored without producing a 
monochromatic opy of K,I,l.,z. Note that the result will hold for all su#icientZy large 
n with the constant &) replaced by a). Cl 
We cannot hope to improve the result in Theorem 1 by more than a constant 
factor using the same simple probability argument but with an improved bound 
on the number of copies of K,,,,. With N = [Cn2’*‘2], the complete bipartite graph 
K N,N has N2 - C2n22” edges and contains (f)’ - (2m)-‘(Ce)‘“2”’ copies of K,,,,. 
Thus we need C <e-’ in order to conclude, using only a simple probability 
argument, that there exists a red-blue coloring of the edges of KNsN which avoids 
a monochromatic K,,,,,. This situation is improved ever so slightly if one uses the 
Lovasz local lemma (see [2, Chpater 81). By this technique, one find that the 
desired result holds if C < fi e-‘. 
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To see that the dominant factor (2e2q/n2)” in Lemma 1 cannot be improved, 
note that if n = o(fi) the complete graph KN has q = (y) edges and contains 
(i)( :)/2 - (4nn)-'(2e2qln2)" 
copies of K,.,. 
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